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■ in general, equations of motion (EOMs) for braneworlds are
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■ can derive analytic solutions with high symmetry
◆ e.g. cosmology: three of the four spatial dimensions are

isotropic and homogeneous
■ observationally interesting to study linear fluctuations about
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■ dynamical degrees of freedom in this case:

◆ bulk field ψ ⇒ gravitational potential perturbations
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Linearized braneworlds

■ in general, equations of motion (EOMs) for braneworlds are
extremely difficult to deal with

■ can derive analytic solutions with high symmetry
◆ e.g. cosmology: three of the four spatial dimensions are

isotropic and homogeneous
■ observationally interesting to study linear fluctuations about

cosmological solutions
■ dynamical degrees of freedom in this case:

◆ bulk field ψ ⇒ gravitational potential perturbations
◆ brane field ∆ ⇒ matter density perturbations

■ Fourier decompose ψ and ∆ to reduce dimensionality
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Master wave equations

what about the notion of a
“free boundary”?

in linear theory,
fluctuations in brane

position are small

in this picture, the brane boundary
is fixed to its background pos’n

brane bending mode

via a coordinate change, one can
treat the brane bending mode as

a scalar function on the brane

http://www.tech.port.ac.uk/staffweb/seahras


Statement of the problem

● Modified Stefan problem

● Applications

● Biofilms

● Braneworld models

● Braneworld IVP

● Linearized braneworlds

● Master wave equations

● Separation of variables

Numeric method

Code tests

Closing remarks

Sanjeev S. Seahra; 26 August, 2008 Numeric solution of wave equations with moving boundaries - p. 11/29

Separation of variables

b
ra

n
e

even though brane shape is fixed,
problem is still complicated...

http://www.tech.port.ac.uk/staffweb/seahras


Statement of the problem

● Modified Stefan problem

● Applications

● Biofilms

● Braneworld models

● Braneworld IVP

● Linearized braneworlds

● Master wave equations

● Separation of variables

Numeric method

Code tests

Closing remarks

Sanjeev S. Seahra; 26 August, 2008 Numeric solution of wave equations with moving boundaries - p. 11/29

Separation of variables

b
ra

n
e

even though brane shape is fixed,
problem is still complicated...

http://www.tech.port.ac.uk/staffweb/seahras


Statement of the problem

● Modified Stefan problem

● Applications

● Biofilms

● Braneworld models

● Braneworld IVP

● Linearized braneworlds

● Master wave equations

● Separation of variables

Numeric method

Code tests

Closing remarks

Sanjeev S. Seahra; 26 August, 2008 Numeric solution of wave equations with moving boundaries - p. 11/29

Separation of variables

b
ra

n
e

even though brane shape is fixed,
problem is still complicated...

http://www.tech.port.ac.uk/staffweb/seahras


Statement of the problem

● Modified Stefan problem

● Applications

● Biofilms

● Braneworld models

● Braneworld IVP

● Linearized braneworlds

● Master wave equations

● Separation of variables

Numeric method

Code tests

Closing remarks

Sanjeev S. Seahra; 26 August, 2008 Numeric solution of wave equations with moving boundaries - p. 11/29

Separation of variables

b
ra

n
e

even though brane shape is fixed,
problem is still complicated...

http://www.tech.port.ac.uk/staffweb/seahras


Statement of the problem

● Modified Stefan problem

● Applications

● Biofilms

● Braneworld models

● Braneworld IVP

● Linearized braneworlds

● Master wave equations

● Separation of variables

Numeric method

Code tests

Closing remarks

Sanjeev S. Seahra; 26 August, 2008 Numeric solution of wave equations with moving boundaries - p. 11/29

Separation of variables

b
ra

n
e

even though brane shape is fixed,
problem is still complicated...

http://www.tech.port.ac.uk/staffweb/seahras


Statement of the problem

● Modified Stefan problem

● Applications

● Biofilms

● Braneworld models

● Braneworld IVP

● Linearized braneworlds

● Master wave equations

● Separation of variables

Numeric method

Code tests

Closing remarks

Sanjeev S. Seahra; 26 August, 2008 Numeric solution of wave equations with moving boundaries - p. 11/29

Separation of variables

b
ra

n
e

Numerical

Methods

even though brane shape is fixed,
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What others have done

■ other people have attacked similar problems:
◆ Fourier spectral decomposition with time dependent

coefficients (Koyama 02)
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What others have done

■ other people have attacked similar problems:
◆ Fourier spectral decomposition with time dependent

coefficients (Koyama 02)
■ leads to integral equations that have to be solved

numerically (poor convergence)
◆ decomposition of bulk field in terms of Tchebychev

polynomials with time dependent coefficients (Hiramatsu
et al 03)
■ leads to (many) ODEs to solve (works, but slow)

◆ mapping the brane to a stationary position and using
ordinary finite differencing (Kobayashi and Tanaka 03)
■ works, but slow
■ doesn’t handle brane fields

◆ others . . .
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What others have done

■ other people have attacked similar problems:
◆ Fourier spectral decomposition with time dependent

coefficients (Koyama 02)
■ leads to integral equations that have to be solved

numerically (poor convergence)
◆ decomposition of bulk field in terms of Tchebychev

polynomials with time dependent coefficients (Hiramatsu
et al 03)
■ leads to (many) ODEs to solve (works, but slow)

◆ mapping the brane to a stationary position and using
ordinary finite differencing (Kobayashi and Tanaka 03)
■ works, but slow
■ doesn’t handle brane fields

◆ others . . .
■ need a fast and accurate algorithm to facilitate comparison

to observations
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to solve problem numerically, we need
to specify computational domain

good idea: design domain
based on the causal properties

of the wave equation
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about value of fields on brane

between an intial and final time

evolution of
fields on brane com

pletely

specified by initial data on one of
these
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traditional choice of

domain may have
looked like this

our choice is better:
we only calculate

the bulk field where
we need it
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break brane
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of the bulk wave equation, we call this the

“characteristic integration scheme”
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■ with O(h4) diamond and O(h3) triangle evolution laws, we
should have a quadratically convergent algorithm

■ since computational time ∝ number of cells ∝ h−2, the
cumulative error in the output will be inversely proportional to
the time
◆ this is better than most conventional finite differencing

schemes
■ evolution in the bulk can be accomplished with half as many

function calls as ordinary 2nd order PDE solvers
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Advantages of the method

■ with O(h4) diamond and O(h3) triangle evolution laws, we
should have a quadratically convergent algorithm

■ since computational time ∝ number of cells ∝ h−2, the
cumulative error in the output will be inversely proportional to
the time
◆ this is better than most conventional finite differencing

schemes
■ evolution in the bulk can be accomplished with half as many

function calls as ordinary 2nd order PDE solvers
■ the computational domain is the minimum size needed to get

answers for fields on the brane
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How do we know it works?

■ two ways to test the code:
◆ reproduce an exact solution
◆ verify that output converges as h→ 0

■ to quantitatively address either issue, it is useful to define a
“distance” between functions f1 and f2 on the brane:

〈〈f1 − f2〉〉b =

[

1

ηf − ηi

∫ ηf

ηi

[f1(η) − f2(η)]
2

]1/2
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■ to quantitatively address either issue, it is useful to define a
“distance” between functions f1 and f2 on the brane:

〈〈f1 − f2〉〉b =

[

1

ηf − ηi

∫ ηf

ηi

[f1(η) − f2(η)]
2

]1/2

■ for any brane quantity, true quadratic convergence implies

〈〈fexact − fnumerical〉〉b ∝ h2
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How do we know it works?

■ two ways to test the code:
◆ reproduce an exact solution
◆ verify that output converges as h→ 0

■ to quantitatively address either issue, it is useful to define a
“distance” between functions f1 and f2 on the brane:

〈〈f1 − f2〉〉b =

[

1

ηf − ηi

∫ ηf

ηi

[f1(η) − f2(η)]
2

]1/2

■ for any brane quantity, true quadratic convergence implies

〈〈fexact − fnumerical〉〉b ∝ h2

■ also, if f1 and f2 are numeric results with h =
√

2h0 and h0

respectively:
ζ(h0) ≡ 〈〈f1 − f2〉〉b ∝ h2

0
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Comparison to an exact solution

in Randall-Sundrum braneworld
models, it is possible to get exact
solutions when the brane has a

linear trajectory
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in Randall-Sundrum model, we have calculated the
behaviour of gravitational waves about branes

with non-linear trajectories
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no analytic solution, but
can test convergence of
GW amplitude on brane
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Summary

■ we have developed a novel numerical algorithm to solve
wave equations in the presence of complicated boundaries

http://www.tech.port.ac.uk/staffweb/seahras


Statement of the problem

Numeric method

Code tests

Closing remarks

● Summary

● Application to “dark energy”

Sanjeev S. Seahra; 26 August, 2008 Numeric solution of wave equations with moving boundaries - p. 27/29

Summary

■ we have developed a novel numerical algorithm to solve
wave equations in the presence of complicated boundaries
◆ based on characteristics

http://www.tech.port.ac.uk/staffweb/seahras


Statement of the problem

Numeric method

Code tests

Closing remarks

● Summary

● Application to “dark energy”

Sanjeev S. Seahra; 26 August, 2008 Numeric solution of wave equations with moving boundaries - p. 27/29

Summary

■ we have developed a novel numerical algorithm to solve
wave equations in the presence of complicated boundaries
◆ based on characteristics
◆ quadradically convergent (theoretically and practically)

http://www.tech.port.ac.uk/staffweb/seahras


Statement of the problem

Numeric method

Code tests

Closing remarks

● Summary

● Application to “dark energy”

Sanjeev S. Seahra; 26 August, 2008 Numeric solution of wave equations with moving boundaries - p. 27/29

Summary

■ we have developed a novel numerical algorithm to solve
wave equations in the presence of complicated boundaries
◆ based on characteristics
◆ quadradically convergent (theoretically and practically)
◆ capable of evolving boundary degrees of freedom
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an irregular (timelike) boundary
■ need to generalize the code to deal with a genuinely
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Summary

■ we have developed a novel numerical algorithm to solve
wave equations in the presence of complicated boundaries
◆ based on characteristics
◆ quadradically convergent (theoretically and practically)
◆ capable of evolving boundary degrees of freedom
◆ explicitly tested against analytic results

■ principal application is to braneworld cosmology
◆ can also be applied to any (1 + 1) hyperbolic system with

an irregular (timelike) boundary
■ need to generalize the code to deal with a genuinely

dynamic boundary
◆ work in progress
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Application to “dark energy”

■ in cosmology, the code is important for testing of the DGP
braneworld model
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acceleration of the universe
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■ in cosmology, the code is important for testing of the DGP
braneworld model
◆ extra dimensional scenario that explains late time

acceleration of the universe
■ the so-called “dark energy” problem

■ need quantitative predictions for the behaviour of linear
cosmological perturbations
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acceleration of the universe
■ the so-called “dark energy” problem

■ need quantitative predictions for the behaviour of linear
cosmological perturbations
◆ compare with observed distribution of galaxies
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Application to “dark energy”

■ in cosmology, the code is important for testing of the DGP
braneworld model
◆ extra dimensional scenario that explains late time

acceleration of the universe
■ the so-called “dark energy” problem

■ need quantitative predictions for the behaviour of linear
cosmological perturbations
◆ compare with observed distribution of galaxies

■ future telescopes with be able to confirm or refute DGP
based on these calculations
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Thanks for listening. . .
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